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NATTONAT. AERONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-162

HANDBOOK OF STRUCTURAL STABILITY

PART VII - STRENGTH OF THIN-WING CONSTRUCTION

By George Gerard and Herbert Becker

SUMMARY

The stability of various forms of stiffened and sandwich plates
which have been consldered for the compression covers of thin wings 1s
presented in terms of orthotroplc plate theory. Design charts are pre-
sented and methods of evaluating the elastic constants associated with
each type of plate are reviewed.

Buckling and fallure of multiweb, multipost, and multipost-stiffened
forms of beam construction are considered in terms of avalilable theoreti-
cal and experimental results. The pertinent findings of minimum-weight
analyses are presented throughout the report as an aid in design.

INTRODUCTION

A transition from stiffened-panel construction such as considered in
Part V of this "Handbook of Structural Stability" (ref. 1) to plate con-
struction represented by multicellular beams has been witnessed in the
evolution of supersonic-airframe wing structures. This change has been
necessitated by the thin wings and subsequent high loadings required for
efficient performance in the supersonic speed regime.

The reviews contained in previous parts of the "Handbook of Struc-
tural Stability" have been concerned to a large extent with a consider-
able mass of test data and theory accumulated over a period extending
through 25 years. The subject of the present part, thin-wing multispar
construction, on the other hand, is much more recent, going back at most
for approximately 10 years. Consequently, the material presented herein
is often incompletely developed because of a lack of experimental data
and general design information.

Various types of stiffening arrangements are of interest for the
compression covers of multicell beams. Thick tapered plates are commonly



used, and plates stiffened longitudinally, transversely, and with grids

as well as honeycomb- and corrugated-core sandwich plates are under active
consideration. These configurations represent different types of ortho-
tropic plates and the stability theory of such plates can be considered
in rather general terms. Consequently, the section of this report fol-
lowing the symbol list 1s devoted to a review of orthotropic-plate theory.

General results of this theory applicable to compressive and shear
buckling of orthotropic plates are presented in the section "Stability
of Orthotropic Flat Plates." Since the various types of plates are char-
acterized by different elastic constants, a discussion of methods of
evaluating these constants is also presented.

Because of the relative simplicity of multiweb forms of beam con-
struction, it has been possible to consider buckling and failure of such
beams in rather complete detail instead of considering individual ele-
ments. Thus, in the section "Buckling and Failure of Multiweb Beams in
Bending," strength analyses are presented for integral-, built-up-, and
formed-channel multiweb beams.

Recent development of multicell beams has led to multipost and
multipost-stiffener construction. The stability theory for these forms
of construction is reviewed in the section "Stability of Multipost Beams
in Bending" and available results on buckling and failure tests are sum-
marized. From a design standpoint, the minimum rigidities required of
the post and stiffener systems for them to act as effectively rigid
members are often of interest. Such information 1s also presented in
the section "Stability of Multipost Beams in Bending."

Again from the design standpoint, the results of minimum-weight
analyses of the various forms of construction are of considerable impor-
tance. Where available, such data are presented in the section pertinent
to the particular form of construction considered. In the section
"Comparative Efficlencies of Thin-Wing Construction" these results are
reviewed to establish the comparative structural efficiencies of the
competing plate, web, and multicell forms of construction.

This investigation was conducted at New York University under the

sponsorship and with the financial assistance of the National Advisory
Committee for Aeronautics.

SYMBOLS

A area, sq in.

a length of plate, in.

nH=E



b width of plate, in.

C : coefficient

C shear rigidity, 1b/in.

cq 3 flexibility coefficients

& = Dy (Dxy) 1/2

D plate cross-section rigidity, Et3/12(1 - ve2), 1b-in.
Dg bending rigidity of sandwich plate, 1lb-in.
D' = vDy = vyDx

d diameter, in.

E elastic (Young's) modulus, psi

Eg secant modulus, psi

E¢ tangent modulus, psi

E' = vxEy = vyEx

E effective modulus, psi

e end-fixity coefficient

P = (e/o0)ou/ 1) 0

hif effective rivet offset distance, in.

G shear modulus, psi

Ge shear modulus of core, psi

Gg shear secant modulus, psi

h overall height of box beam, in.

ha height between centrolds of sandwich facings, in.



height of posts, in.

4

moment of inertia of stiffener, in.
deflectional-spring constant, Ib/in.

buckling coefficient in compression

wrinkling-failure coefficient of multiweb beam

buckling coefficlent in shear

length of plate between transverse supports, in.

bending moment, in-lb

exponent, or half wave length in length direction

axial loading, 1b/in.

number of supports, or half wave length in width direction
pressure, psi; also rivet pitch, in.

transverse shear flow

shear flow, 1b/in.

axial-stress ratio

shear-stress ratio

shear-stiffness parameter for sandwich plate

bend radius, in.

(Dc/Dt\)l/E

thickness of plate, in.
thickness of sandwich facings, in.
effective thickness, in.

displucéments, in.

NN P
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W total width of compression cover, in.

X,¥,2 coordinates

Qg efflciency coefficient of shear webs

B crippling coefficient

Br crippling coefficient of riveted multiweb beam
7 stiffener-rigidity parameter, EI/bD

€ strain

€e edge strain

M plasticity-reduction factor

1 effective plasticity-reduction factor
v Polsson's ratio

Ve elastic Polsson's ratio

b solidity

c normal stress, psi

Oor buckling stress, psi

Ocy compressive yield strength, psi

Of crippling strength, psi

afr strength of riveted multiweb beam, psi
T shear stress, psi

Ty shear yield strength, psi -

plasticity-reduction factor for.wide columns

a1

=1

effective optimum shear stress, psi

T post-stiffness parameter, Kbs%/;thLt



() density, lb/cu in.

5 density of core, lb/cu in.
Subscripts:

c compression cover or core
cr buckling

cy compressive yleld

e effective or edge

f fallure or facings

o optimum

p post

5 plate or shear

t tension cover

W web

X,y coordinates

ORTHOTROPIC-PIATE THEORY

Stiffening-System Classification

The load-carrying capacity of a flat plate is frequently increased
by the application of stiffeners to the plate. These may serve to carry

load, to stiffen the plate so as to increase its buckling stress, or both.

The stiffeners usually are discrete elements fastened to the plate at
regular intervals or fabricated as part of a monolithic structure. This
latter type is often referred to as integral construction and represents
the ultimate in fastening efficiency.

It is pertinent, at this point, to revlew the classification for
stiffened plates as discussed in reference 2. Two major factors in the
classification are the number of skins employed and the type of stif-
feping system used to support the skins.

VIV o 3
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Singleeskin construction includes longitudinal-, transverse-, and
waffle-grid-stiffened plates. Double-skin construction is essentially
a sandwich with various types of cores such as honeycomb or corrugations.
Representative stiffening systems for single-skin plates are shown in
figure 1 which pictures integral plates with longitudinal, transverse,
and waffle-grid stiffening. Under certain conditions presented in the
following discussion, these forms of construction may be considered as
orthotropic plates.

Orthotropic Behavior

An orthotropic structure has mechanical properties that are constant
throughout the structure but are different in different directions. Few
engineering structures are uniformly orthotropic; however, under certain
conditions they may be analyzed on the assumption of orthotropicity.

Some representative cases are discussed in this section in regard to
buckling of stiffened plates.

A rectangular flat plate may be stiffened by the addition of members
attached to the plate at any angle to the sides. These stiffeners
usually are discrete structural members which support the plate normal
to its plane. They may also provide some rotational restraint to the
plate along the lines of attachment of the stiffeners. The stiffeners
can also assist in carrying the load applied to the plate, as 1s the
case with longitudinally stiffened plates loaded in longitudinal
compression.

Consider the effect of adding transverse stiffeners to a longitudi-
nally compressed plate. Assume that the stiffener rigidity is less than
that required to enforce a transverse node in the plate when 1t buckles.
The buckling behavior of such a plate is shown in figure 2(a), in which
the effect of transverse stiffeners upon the buckling performance of
the plate may be seen. It is apparent from the figure that the plate
behaves almost as if it were orthotropic when n = 3. This behavior
pattern is also expected of longitudinally stiffened plates under longi-
tudinal compression, as evidenced by the charts in figure 10 of Part II
of this Handbook (ref. 3). Figures 10(a) to 10(i) present data for one,
two, and three stiffeners while figures 10(Jj) to 10(1) contain informa-
tion for an infinite number. Little difference exists among the curves
for n=3 and n = », except for values.of EI/bD approaching O.

Orthotropic buckling theory is in excellent agreement with that for
a single longitudinal stiffener on a rectangular flat plate loaded in
shear as may be seen in figure 2(b). However, data for transversely
stiffened plates in shear indicate that orthotropic theory is not appli-
cable except where the stiffness ratic EI/bD is very small or very



large (fig. 2(c)). There is a range of values of EI/bD in which ortho-
tropic theory predicts buckling stresses that differ widely from the
theory for discrete stiffeners and from test data which agree with the
discrete theory within reasonable limits of error. Part of the discrep-
ancy may possibly be due to the neglect of certain buckling modes from
the orthotropic analysis.

To summarize, then, orthotropic theory may be used for compressed
plates with three or more stiffeners, for plates in shear with any num-
ber of longitudinal stiffeners, and for transversely stiffened plates
in shear for relatively small or large values of EI/bD.

Load-Deformation Relations

In deriving either the differential equation for equilibrium of a
plate element or the energy integrals 1t is necessary to proceed from
the basic load-deformation relationships. The assumptions made in
deriving the isotropic plate equations in the elastic range are that
Hooke's law applies, that deflections of the plate normal to its origi-
nally flat configuration are small compared with the plate thickness,
and that plane sections before bending remain plane after bending.

Then, since stress will be proportional to the distance from the neutral
surface, Hooke's law may be written (ref. 4):

e
1 - ve2\3x2 ay2
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When these equations for stress are integrated across the plate thick-
ness, relations are obtained between moment and curvature in the form

2 .2 )
M, = -D<.——5 Y g yg 9 W>

St
2 2
My = 'D(g—yg + Vg ;{—;’) ) (2)

M



The coefficient of the bending-curvature terms is the plate rigidity in
bending and is defined as

D = Et3/12(1 - v2) (3)
The twisting rigidity for the isotropic plate is equal to (l - ve)D.

For an orthotropic plate, Hooke's law becomes

2 2 \)
oy = - 2 Ey oW, g OW
1 - vyvy 0x® 8y2
2 2
oy = - 2 /ﬁy Ow , g O f)} (&)
1 - vay\ by2 ay2
T = -2Gz aaw
ox dy J

in which use is made of the reciprocal relation

Exvy = Byvy = Ef (5)

The moment-curvature relations then become, upon integration of equa-
tions (4) across the plate thickness,

2 2 )
My = -Dy dw D' dw
dxe dy=?
2 2
Ow dw
My = - - D! (6)
Y Dy ayg axg >
2
dw
M = 2D
Xy Xy dx Jy ,J

“vhere
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N
E, t7
Px = o
(L - vxvy)
Eyt5
by 12(1 - vyvy) > 7
Dt = E't3
12(1 - vay)
_atd
Dy = 12 _

Equations (6) neglect shear deformation and coupling. The former
could exist in isotropic plates but may be relatively insignificant.
However, in a sandwich, local shear deflections could be significant,
as shown by Libove and Batdorf (ref. 5), for example.

In isotropic plates, or in plates for which geometrical symmetry
exists, structural coupling is not to be expected. However, in a waffle
grid, for example, the Ny forces may have a centroid different from

that of the Ny forces. Coupling would occur through the resultant

Poisson ratio effects which could lead to curvatures of the plate.

In general, the coupling terms can be found by first generalizing
equations (6) to include membrane forces by writing the expressions for
curvature and strain in terms of the internal forces and moments. These
equations are:

% _ h

s gy = C}lMX + 052My + c}jMxY + CBuNx + c55Ny + C§6ny

du
ox
ov
S; = c5lMX + c52My + C55Mxy + C5MNX + C55Ny + C56NXY
du
oy

v
Su +.S; = ooy + oMy + cpaMyy +oog i + C65Ny + C66ny“/

HeRh Sl N
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These relations omit the effects of transverde-shear forces Q, and Q-

From symmetry considerations cyy = ch and the 36 flexibility

coefficients are reduced to 21. The curvature relations become

> )
w — e —
S;E = cyMx + clgMyl*'Cl3Mxy + cq) Ny + clSNy + cl6Nky —}
2 l |
W
5;_ = cy My + c22My|+c25M.xy + ey Ny + czsNy + c26Nxy I > (9)
| |
Fv T T T — !

The terms outside the boxes correspond to the usual isotropilc
quantities as expressed in equations (6), while the remaining terms are
what are referred to by Libove and Hubka as "coupling terms" (ref. 6).
Actually, in their development of orthotropic-plate theory, it was
assumed that

€13 = Cyg = c23 = Cog = c}h = c55 =0

Thus, the orthotropic-plate relations between internal forces and deforma-
tions become

\

82
ax; = cllMx + Cley + Cl)_‘_Nx + clﬁNy
a2
S—% = ¢y My + c22My + caan + c25Ny

Y

2

Ow _
- = c15 + c56N'xy >

(10)

QE =c., My + ¢ +¢,,N, + ¢, .N
o CuMx t ooy + e Ny + o) SNy
v _ cicMy + c + ¢, N, + es=N
dy 15 25 L57x 557y
du , ov _ :
oy T ax - 63t * CeeMxy J
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The cij are plate flexibilities. The rigidities are obtained by

inverting equations (10) so that the forces and moments are expressed in
terms of the strains and curvatures. For details concerning derivation
of the coefficients, reference 6 should be consulted.

Effectively, coupling may be described as the generation of one
type of deformation by a loading of a different type. For example,
bending moments not only give rise to curvature but also couple into
axial deformation, and axial forces couple into curvature. The latter
may be seen by referring to the transversely stiffened plate in figure 1.
Compressive forces acting in the longitudinal direction would tend to
expand the plating in the transverse direction by the Poisson ratio
effect. Since this growth would take place in a plane displaced from
that containing the neutral axis of the cross section normal to the trans-

verse direction, a curvature agw/éyg and bending moments My would be
generated in the plate.

Equilibrium Equations

The analysis of orthotropic-plate buckling problems may involve
the use of either the equilibrium differential equation or the energy
method. This section contains & brief description of the derivation
of the equilibrium equation with the purpose of highlighting the dif-
ferences between the isotroplc and orthotropic theories.

The equilibrium equation in terms of the internal moments 1is
(ref. 4):

o) 2 2
My 5 O Myy . oMy .
3% dx oy  Jdy2

p=0 (11)

When the 1sotropic moment-curvature relations are inserted into equa-
tion (11) the equilibrium equation is

D = P (12)

The membrane forces may be added to obtain

Nz 2
DHw + tloy, 29 4 or OV 4 ¢ éiﬂ) =P (13)
< * dxe dx Oy Ay

o=
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The orthotropic equilibrium equation becomes from equation (11)

b 4
3w Qv dtw

Dy — + 2(D' + 2Dy} ———— + Dy == =p (1k)
axt ( xy)bxzby2 St

or the membrane forces may be added to obtain

b4 L L 2
th’-+2(nv+znw)—§—w—+ _a_l’.+{gx.a_w.+2-ria"_’_+gya_2y.>=p
axt 3x2y? ayh x? ox dy dy°

(15)

A more generalized derivation of the orthotropic equilibrium equa-
tion was performed by Libove and Batdorf (ref. 5) for sandwich plates.
The following equation pertains to an isotropic plate with finite shear
rigidity:

2 2 2
P o+ T(1 -2¢2 oxa—‘1+21- 6w+0_3_3=P (16)
c 32 xdy 7 o2

Elastic Constants

The bending and axial rigidities of a plate may be determined either
theoretically or experimentally. For a simple structure such as an iso-
tropic plate it is a simple matter to calculate the plate rigidities.
However, for a waffle-grid plate, or for a plate stiffened by riveted
members, it may be difficult to compute rigidities accurately, particu-
larly when coupling is significant. In such cases it is necessary to
utilize experimental procedures. Riveted connections involve flexibili-
ties between the stiffener and plate which may vary with the method of
riveting although the plate and stiffener designs do not change. Conse-
quently, rigidities for this type of construction would be most reliably
determined experimentally.

A sandwich plate with a cellular or honeycomb core would be sym-
metrical about its midplane and consequently no coupling would be present.
However, the behavlor of a sandwich is dependent upon the shear rigidity
of the core, which may be determined by separate tests of the core mate-
rial. The analysis of corrugated-core sandwiches may involve coupling if
the corrugations are not symmetric about the plate midplane.
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In the following section the elastic constants of each of these
types of construction are discussed in some detail from the standpoint
of their application in plate buckling problems.

STABILITY OF ORTHOTROPIC FIAT PIATES

General Solutilons

Most orthotroplc-plate buckling problems have implicit solutions
which require the use of design curves. Some expllicit solutions which
have rather wide application have appeared in the literature, however.
Wittrick investigated simply supported flat plates under uniaxial and
biaxial compression (ref. 7), while the flat-plate limit of Hayashi's
solution to torsional buckling of orthotrople cylinders (ref. 8) per-
tains to long orthotropic plates under shear. Seydel analyzed finite-
length plates 1in shear (ref. 9). These three cases are discussed below.

Compressive buckling.- Wittrick analyzed a simply supported flat
orthotropic plate under forces Ny and Ny using, as an expression

for w in equation (15},
w = wg sin(mrx/a)sin(nry/b) (17

He found that the solution to the problem may be written in the form

(a/b)e m 2
= 18
[, T (a/b);] (8)

K =2+ (12102 - 2Dy (19)

{(Dny)[ - (szy/ “EDY)]}UE

1/h4

(a/b), = (a/b) (Dy/Dx)(l - (ngy/nQDyH (20)

where

and

o=
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For uniaxial compression Ny = 0 and equation (19) reduces to
2 N D
k:(}%) ____xl/2+c1-___’°’l/2 (21)
(PPy) (P<y)

The coefficient C in equation (21) depends upon the boundary condi-
tions as follows:

Boundary conditions C

All edges simply supported

Loaded edges clamped, unloaded edges simply supported
Loaded edges simply supported, unloaded edges clamped
All edges clamped

oD
£ &
ANO

Wittrick found that isotropic-plate buckling coefficients may be
used for orthotropic plates provided that the effective aspect ratio
for the latter, equation (20), is used to evaluate k. The curves in
figure 3 as taken from Part I of this Handbook (ref. 10) are included
herein for use with orthotropic plates.

Two cases of blaxisl compression mey also be analyzed by using
figure 3. These cases are of plates with two edges simply supported
and the other two edges either simply supported or clamped. The value
of (a/b)e from equation (20) is found in the figure and the value of

k 1s found from the appropriate curve. Equation (19) is then used to
complete the analysis.

Shear buckling.- The shear buckling of orthotropic plates was inves-
tigated by Seydel (ref. 9) and the theoretical critical loading was
obtained in the form

1/4
- kgn2(D,D,?)
Neyop = > (22)

in which kg 1s dependent upon the effective aspect ratio (a/b)e and

the parameter ¢ = ny(Dny)-l/e. Values of kg may be found in figf

- uré 4fa) for plates with all edges simply supported and in figure 4(b)

for plates with clamped short edges and simply supported long edges.

- Figure 4(b) was obtained from reference 4.
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The analysis performed by Hayashi on stiffened circular cylinders
in torsion (ref. 8) approaches a long plate in shear as a limiting case.
The resultant expression for the shear-buckling load of an infinitely
long, simply supported, orthotropic plate is

2
5.351"Dy
N " E ——
xycr b2 (25)
By making use of the relation
vyDx = VvxDy
equation (22) can be transformed into
i
K.12D,, /v 3/
N, =St x X(_Y) (24)
)WCI' b2 vx

This equation differs from equation (23) in the Poisson ratio term and
in the dependence of kg upon c. For a long isotropic plate these two

results are identical since vy = vy =V and kg assumes a value of 5.35.

Transverse compression and shear.- Sandorff Iinvestigated the sta-
bility of a transversely stiffened plate under combined transverse com-
pression and shear loading (ref. 11). The stiffeners were numerous and
closely spaced, and consequently orthotropic theory was used. The energy
method was applied with an assumed double-sine-series deflection func-
tion which corresponds to simply supported edges. The analysis was
simplified by assuming the panel to be infinitely wide. The interaction
data appear in figure 5.

The theory predicted an interaction curve of the same shape as that
for an isotropic plate under the same combined loading. Test data from
a box beam in combined bending and torsion were compared with the theory.
The agreement 1s good although the actual dimensions of the panel in the
box beam yield a/b = 1/2. However, Sandorff determined that the effec-
tive aspect ratio to be used in this orthotropic theory is
(a/b)(Eny/ExIx), which has a value of 1/3,800 for the test panel. Con-

sequently, the assumptign of an infinitely wlde column would be Jjustified.
A

Sandwich plates.- The buckling analysis of simply supported sandwich
plates was performed by Seide and Stowell in the elastic and inelastie
ranges (ref. 12). The dif@erential equation for the elastic case obtalned
from equation (16) is :

VIV >
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D 2
Do + [1 - —F V2>20t 9w _ o 25
sY ( cGe ¢t dxe (25)

Equation (25) contains the correction term Ds/thc, in which the shearing
rigidity of the core h.Ge appears. In an isotropic plate, G, 1s

assumed to be infinite. However, in a sandwich such an assumption may
lead to significant errors in the buckling stress. The section properties
of a non-load-carrying-core sandwich are such that vy = vy = v¢ for the

faces and

Eftfh 2
DX:Dy=(l+Vf)DW=DS=;(l—__§;§5 (26)

This type of plate is referred to as an isotropic sandwich plate.

Seide and Stowell found the buckling-stress coefficient to be,
before minimization,

2

2 _9_+ m._b_)
2b“0.nt ( .
_ er’f _ mb a (27)

2
“Dg l+rE_+(!‘§)2]

in which r is the core shear stiffness parameter for the sandwich and

2
r= %Ds (28)
b%heGe

The expression for k 1in terms of ma/b is the same as that for an

isotropic plate except for the denominator correction r[i + (mb/a)%].
For infinite values of G, this will vanish, yielding the isotropic
result.

The solution to the sandwich plate-buckling problem is obtained by
minimization of equation (27) with respect to a/mb. Two ranges are
found for the solution: for r<1l
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a/mb = Kl -r) /(1 + rZ] 1/2
(29)
k=4(1+r)?
and for r2 1
a/mb = 0
(30)
k=1/r

Equations (29) reduce to a/mb =1 and k = 4 for the isotropic case.

Design charts are described in a subsequent section on sandwich
plates in which data are presented for specific types of cores. The
curve of k as a function of r for long plates appears in figure 6
for the practical design range in which r <.

Seide computed compressive buckling stresses for isotropic sandwich
plates with simply supported loaded edges and clamped unloaded edges
(ref. 13). For r 2 0.5 the buckling-coefficient curve for a long
plate merges with that for a simply supported plate as seen in
figure 6.

Seide also analyzed buckling of an infinitely long simply supported
isotropic plate in shear (ref. 14). The curve of ks as a function of
r appears in figure 6(b). The energy method was used for that investi-
gation in which a Fcourler analysis was employed.

Single-Skin Systems

The general orthotropic plate-buckling solutions presented in fig-
ures 3 to 6 are given in terms of certain plate rigidities. For appli-
cation to specific forms of construction, it is necessary to evaluate
the pertinent rigidity terms. Consequently, the remainder of this sec-
tion is devoted to a review of theoretical and experimental methods of
evaluating the elastic constants of single- and double-skin forms of
construction as well as of methods of determining buckling stresses.

Longitudinally stiffened plates.- Theoretical-buckling-stress data
for longitudinally compressed longitudinally stiffened plates are pre-
sented in Part II of this "Handbook of Structural Stability" (ref. 3).
Charts are included for one-, two-, and three-stiffener systems and for
an infinite number of stiffeners. In addition, theoretical corrections
are included for the effects of one-sided stiffening. The' information
was obtained from the reports of Seide and Stein (refs. 15 and 16) which

VIV 5



should be consulted for details. The structural rigidities for these
analyses were computed from the geometries of the stiffened plate sections.

Shear buckling of longitudinally stiffened plates was discussed in
the section "Orthotropic-Plate Theory" of the present paper. Theoretical
and experimental data appear in figure 19(a) of reference 3.

Transversely stiffened plates.- Longitudinal compressive-buckling
coefficients of simply supported transversely stiffened plates are pre-
sented in figure 13 of reference 3. The stiffener spacing 1s small in
all cases, with a maximum aspect ratio of 0.5 for the plate between
stiffeners. The effect of finite stiffener torsional rigidity i1s included
on these charts. Rigidities were computed from the section properties.

The minimum weight design of transversely stiffened plates in lon-
gitudinal compression was investigated by Gerard (ref. 17) and by Gomza
and Seide (ref. 18). Gomza and Seide derived relations for nondimen-
sional parameters of the problem and minimized them to obtain equations
which were used to prepare design charts. These charts yielded combina-
tions of the plate parameters for minimum weight under the applied
loading. However, all the combinations are implicit relations. Total
weight, or welght of the stiffening structure, is not directly available
from these charts.

It is possible to simplify the presentation of Gomza and Seide to
obtain more general optimum design information. Gerard minimized the
section solidity to demonstrate that the optimum stiffener weight should
be one-third that of the plate, that the stiffeners should be closely
spaced, and that the weight would be large in the practical loading
range. For detailed discussions of the assumptions made in these inves-
tigations, a review of references 11 and 12 1s recommended.

Buckling-stress information for simply supported transversely
stiffened plates in shear appears in figure 19(b) of reference 5. This
problem was discussed previously in the section "Orthotropic Plate Theory"
of the present report.

Waffle-grid plates.- When rectangular plates under longitudinal
compression are considered, longitudinal and transverse stiffeners repre-
sent the extremes of possible stiffening configurations for which the
direction of stiffening 1is permitted to vary between the limits of 0°©
(parallel to the long side of the rectangle, in which direction the load
is appl{ed) and 90° (parallel to the short side of the rectangle and
transyerse to the loading). The term "waffle grid" has been applied to
suth a plate because of the appearance of the.stiffening system in which
the stifféners are arranged symmetrically on the plate.
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Theoretical and experimental investigations were performed by the
NACA on integral waffle-grid construction. The results are summarized
in the report by Dow, lLevin, and Troutman (ref. 19) who conducted tests
on square tubes, each face of which was a waffle-grid plate. One tube
was used for each grid configuration. The specimens were cast from
355 aluminum alloy and were then heat-treated to the T61 condition.
They were loaded in longitudinal compression, in shear, and in combina-
tions of these loads in various proportions. The plates were clamped
on the short edges and were simply supported on the long edges.

Nine waffle-grid configurations were tested, and the results were
compared with theoretical results. Good agreement was obtained both in
the elastic and inelastic ranges for both types of loading. The theories
with which the data were compared are those of Wittrick for compression
and Seydel for shear. They were discussed previously in the section on
general solutions. The elastic constants used by Dow, Levin, and Troutman
in applying the theories to analysis of the waffle grlds were obtained
from the report by Dow, Libove, and Hubka (ref. 20) in which both exper-
imental and theoretical procedures are described. Good agreement wes
obtained in some cases, and appreciable discrepancies in others. 1In
general, it appears advisable to obtain rigidities experimentally.

An electric-analog investigation of torsional rigidity for filleted
integral ribs was performed by Crawford and Libove (ref. 21) for a large
range of rib and fillet proportions. However, no interaction with neigh-
boring structures was considered and consequently the effect of resistance
to warping was not evaluated.

One result of the investigation of Dow, Levin, and Troutman (ref. 19)
was the indication that a stiffening system at 45° (so-called ih5o stiff-
ening) carried the largest compressive load of the types of grids tested,
all of which were approximately the same weight. In shear the +60° grid
was theoretically the best under elastic buckling. However, in inelastic
buckling the t45° and t60° waffle-grid plates were equally efficient.

Inelastic buckling stress was computed using the secant-modulus
method both for compression and shear loading. It is interesting to
note that the maximum discrepancy between theory and experiment was
22 percent in the elastic range while in the inelastic range it was
5 percent.

A calculation was made of the thecretical critical loading on one
of the 0°-grid plates using the data in Part I1 of the Handbook (ref. 3)
for longitudinally stiffened plates. The loading found in this manner
was 8 percent above the experimental value, which in turn was 12 pertent
higher than the value from Wittrick's theory.  Both theories arespredi-
cated upon the assumption that the stiffener axis lies in the midplane
of the plate. The off-axis correction was not employed in this
computatior.
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Crawford (ref. 22) demonstrated that the buckling load of a plate
with one side stiffened 1s essentlally that of the same plate with a
central-plane stiffener. The results for the waffle-grid plates would
appear to bear this out. Crawford analyzed this problem employing large-
deflection theory which involved the effect of structural coupling. He
applied the theory to the analysis of the elastic behavior of a simply
supported square plate under uniaxial compression. The theory predicted
that the plate with the one-sided stiffening system would deflect normal
to its plane immediately upon application of load, and that these deflec-
tions would grow as the load increased. This is much the same action as
an initially imperfect column or plate. The limiting load which the
plate appeared to approach asymptotically was the buckling load of the
symmetrically stiffened plate of the same stiffness. The implication
in this result, which is substantiated by the waffle-grid test data, is
that the buckling stress of the plate considered was relatively unaffected
by coupling action.

Dow, Levin, and Troutman (ref. 19) compared the data obtained from
combined longitudinal compression and shear loadings with an interaction
curve of the form

Ro + Rg® = 1 (31)

Presumably, more test data will be required before an appropriate inter-
action equation can be selected for this loading combination applied to
waffle-grid plates, since the scatter of the data was too large to per-
mit drawing a conclusion concerning the reliability of equation (31).

Double-Skin Systems

A double-skin, or sandwich system consists of two thin plates joined
together by a core structure. Such a system is divisible into two classi-
fications according to the load-carrying ability of the core as compared
wlth that of the covers.

When the core rigidity 1s such that t.E. << 2tgEp, the core is

assumed to be non-load-carrying. This class would include end-grain
woods (balsa particularly), foam structures, and cellular cores. When
tcEc » 2tfEp for any direction of load applied in the plane of the

plate, the core is considered to be load carrying in that direction.
This class would include corrugated and truss cores. In this section,
plates are discussed under these two classifications.

A detailed development of equilibrium differential equations and
energy integrals for sandwich plates was presented by Libove and Batdorf
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(ref. 5). Solutions to these equations have been obtained for certain
specific cases, some of which are discussed herein. In addition, optimum
sandwich-plate designs have been developed. A comprehensive treatment

of sandwich construction is contalned in reference 23 in which data on
buckling of sandwich plates may be found. In this section, discussions
are limited to brief reviews of some of this information, together with

a summary of pertinent data on optimum design.

Non-load-carrying cores.- The analysis of uniaxial compressive
buckling of isotropic sandwich plates was discussed in the section on
general solutions. Johnson and Semonian (ref. 24) investigated honeycomb-
core sandwich plates under uniaxial compression by utilizing the solution
of Seide and Stowell (ref. 12). In order to apply the theory it was nec-
essary to evaluate the shear stiffness parameter r defined in equa-
tion (28). When this was done the axial load-carrying capacity of the
plate was determined in terms of the core and facing dimensions and mate-
rial properties. Johnson and Semonian provided design charts for steel
sandwich plates at 80° and 600° F. The data pertain to plates of optimum
proportions determined according to a report by Bijlaard (ref. 25).

Experimental data obtained by Anderson and Updegraff (ref. 26) were
compared with theory for 0.02 < r < 0.8. The agreement was found to be
good except for a few test specimens which buckled at a stress below the
predicted value. Anderson and Updegraff suggest that this was due to
the low shear strengths of the cores in these specimens.

Charts of buckling-stress coefficients for various types of loading
and plate proporticns appear in reference 23. The use of these charts
requires a knowledge of the elastic constants of the sandwich plate.
Johnson and Semonian computed the shear flexibility parameter r from
the plate cross-section geometry (ref. 24). This is the general practice
for isotropic sandwich plates since the symmetrical construction elimi-
nates coupling, thereby presumably obviating experimental determination
of the elastic constants that enter the relation for the r shown in
equation (28).

The optimum design of an isotropic sandwich plate subject to insta-
bility was investigated by Bijlaard (ref. 25) and by Gerard (refs. 2
and 17). Results from reference 17 indicate that for elastic buckling
of a simply supported isotroplc sandwich plate under uniaxial compres-
sion the optimum distribution of material is obtained when the core
weight is twice that of the covers. Furthermore, for a core relatively
stiff in compression normal to the plate faces, the optimum thickness
ratio of the core and covers is

(h""QtS)O - 29/9 (32)

=
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When the facings of a uniaxially compressed simply supported sand-
wich plate are designed to operate at the compressive yleld strength no
simple generalizations such as those for the elastic case are possible.
Procedures and charts for yield-strength design are contained in ref-
erences 2 and 24.

Load-carrying cores.- Data on buckling of orthotropic sandwich
plates, which include corrugated core construction, appear in reference 23.
Libove and Hubka evaluated elastic constants of various shapes of cor-
rugations including those unsymmetrical about the plate midplane in ref-
erence 6. These were also evaluated experimentally by a procedure
described in that report in considerable detail. It follows the general
experimental procedure outlined by Libove and Batdorf in reference 5.

Seide (ref. 27) analyzed buckling of sandwich plates under longitu-
dinal compression with simply supported loaded edges and either simply
supported or clamped unloaded edges. The investigation was restricted
to flat symmetric corrugations. The constants derived by Libove and
Hubka were used in this analysis. Seide's report should be consulted
for design data.

Corrugated-core plates have little shear rigidity in a plane normal
to the plate covers and parallel to the corrugations. The use of & truss
corrugation would add stiffness in this direction. Anderson and Updegraff
(ref. 26) reported theoretical data for the design of such a system. The
buckling stress for transverse compression was found to be roughly half
that for longitudinal compression. A design chart is included in refer-
ence 6 for an efficient high-strength steel structure.

BUCKLING AND FAILURE OF MULTIWEB BEAMS IN BENDING

The various preceding parts of this "Handbook of Structural Stability"
have been concerned, for the most part, with buckling and failure of indi-
vidual elements. Certain general instability considerations for box beams
of stiffened panel-rib construction were presented in Part V (ref. 1),
although the analysis did not treat the box beam as a unit in complete
detail.

A competing form of box construction is the multiweb beam which has
efficient application in the highly loaded, thin wings of supersonic air-
craft. Because of the relative simplicity of this form of construction,
howeve®, it has been possible to treat buckling and failure of multiweh
bof béams in rather complete detail instead of considering individual
componénts. Such analyses of the complete multiweb box are reviewed in
this section.
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The buckling and failure modes under bending of representative multi-
web box beams shown in figure 7 can be divided into the following areas:

(a) Local instability of the cover in compression between webs
(b) Local instability of the webs in bending

(¢) Crushing of the webs by the transverse compressive component of
the cover loads

(d) Wrinkling of the cover (as a wide column) over the webs because
of insufficient deflectional and rotational stiffness of the
web-cover attachment

In addition to the various instability modes, it is advantageous to
characterize various multiweb box beams according to the method of fabri-
catlon as follows:

(a) Integral forms of monolithic construction such as machined or
extruded beams in which the web-cover attachment is in the
plane of the web (fig. 7)

(b) Built-up construction in which the web generally consists of
extruded or machined spar caps and sheet webs

(¢) Formed channel-type webs (fig. 7)

The results presented in this section are in terms of stresses
rather than bending moments. Although it is relatively simple to com-
pute bending moments at buckling or failure of the simple rectangular
box beams used in the tests reported herein, for alrfoil sections of
varlable height it appears appropriate to present the results in terms
of stresses.

Buckling Stresses

Anderson and Semonian (ref. 28) have presented a series of design
charts which permit the evaluation of the compressive buckling stress
of a long flat rectangular plate with various lengthwise deflectional
and rotational elastic line supports. In order to use these charts to
determine the compressive buckling stress of a multiweb-beam cover it
is necessary to evaluate the deflectional and rotational restraints
provided by the webs. Methods for evaluating these restraints are also
discussed in reference 28. ”

These results constitute a general approach to the problem and
are useful for a variety of web configurations. More specific results

NN E
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in the form of buckling-coefficient charts which are essentially based
on this approach are presented in the following discussion.

Integral webs.- Local buckling of the compression cover or webs of
an integral type of multiweb box can be determined from the usual buckling-

stress equation:

2 t 2
Oor = "‘E—EHE_E‘(EE) (33)
12(1 - Ve ) s

Schuette and McCulloch (ref. 29) have determined the values of k for
a wide, idealized, integral multiweb box under bending and their results
are shown in figure 8. These data incorporate the effects of the rota-
tional restraints upon the buckling stress.

As a conservative approximation, Gerard (ref. 17) has considered a
multiweb box beam with the web-cover attachment in the form of a hinge.
In this case, there are no rotational restraints and the buckling coef-

ficients are

k=24 for b"'/tw < 2.5W
bs/ts
34
= ( s/t ) for bw/tw> 2.5 > >
w/tw ' bs/ts ) )

The appropriate plasticity-reduction factors for use in equation (33)
apparently depend upon the element responsible for buckling. When the
cover buckles first, the value of 17 given in Part I (ref. 10) is

appropriate:

g = l_'l_ /E {-+ 1[-1 + (3B B )]1/2} (35)

1l - v

When the web buckles first, as an approximation

- Ny = i : :e (E /E) (36)



Should the cover and web buckle simultaneously, then as an approximation

T = ()2 (57)

or

-y e . 1/
7 = l__z_(Es/E){% + %E + (38, /55)] 1/2} j (38)
1l-v

Another form of instability possible in an integral multiweb box
under bending is crushing instability of the webs due to the transverse
compressive component of the cover loading. In this case the web acts
as a wilde column which buckles according to

2 - 2
__ TkyTE E!)
e A (39

where for boxes simply supported at web-cover attachment

K, =1
and for boxes clamped at web-cover attachment
kg = b

The plasticity-reduction factor in this case 1s given in Part I (ref. 10)
as

L R e (o)

Rosen (ref. 30) has considered this problem and gives the web stress

Oy id terms of the cover stress o¢g for a rectangular box with identi-

'gal covers by the followlng equation:
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b .t
o, = 20, =L ¢ (41)

] e
bWtW

where €, 1s the edge strain at the attachment line. If the cover has
not buckled before web crushing occurs, then the edge strain €a = GS/E

and equation (41) becomes

2
- 0'S bStS
Oy = 2 —/— ——
E b5,

By equating equations (39) and (42), the critical cover stress for
crushing instabllity of the webs is

(k2)

_ﬂekLll/eE (& t_s)l

/2
_ ty
(Ucr)s ) 24(1 -V 2)] by bg Eg (43)

The analysis for web crushing after the cover buckles 1s presented in
the later portion of this section which is concerned with failure rather
than with buckling.

As a practical measure, crushing of an unstiffened web can be readlly
corrected in cases where it is theoretically possible by the use of stif-
feners attached to the webs.

Built-up webs.- The essential difference between the buckling of
built-up and integral multiweb beams is due to the additional rotational
restraint provided by the attachment members. In cases of built-up beams,
the buckling stress can be determined by the methods presented in ref-
erence 28. Some additional data on specific forms of built-up multiweb
construction are given by Eggwertz (ref. 31) in the form of buckling-
coefficlent charts.

The buckling modes generally encountered for built-up beams are of
the local-buckling type. Crushing instability may be analyzed according
to the methods presented for integral beams. The wrinkling type of insta-
bility encountered in formed-channel-web construction, such as considered
in the following section, can generally be avoided by placing the line of
fasteners as close to the plane of the web as possible.

Formed channel webs.- Multiweb beams utilizing formed channel webs
such as those shown in figure T can experience local buckling of the
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cover or web and crushing instability of the web. These modes of insta-
bility can be analyzed according to the methods presented for integral

beams. In addition, a wrinkling form of instability is frequently observed

for beams with formed channel webs in which the buckling mode is char-
acterized by waves extending across the entire width of the beam without
the formation of longitudinal nodes. This wrinkling mode has previously
been discussed for stiffened panels in Part V (ref. 1).

Bijlaard and Johnston (ref. 32) and Semonian and Anderson (ref. 33)
have established that wrinkling results from the low deflectional stiff-
ness of the web attachment flange, a characteristic of formed channel
webs. In addition, the wrinkling stress was found to be sensitive to
such details of the fastening system as offset, pitch, and diameter.

The wrinkling mode is similar to local buckling in that buckling
and failure may not be coincident. Thus, it is necessary to consider
wrinkling instability separately from wrinkling fallure.

According to the analysis of Semonian and Anderson (ref. 33), the
cover stress for wrinkling instability is given by

2, - 2
UCI‘ = &(t_s) (u)_l,)
12(1 - vee) bs

where k may be determined from figure 9. It can be observed that
wrinkling instability can occur prior to local buckling depending upon
the parameters (bw/tw)/(bs/%s) and f/bw as shown in figure 9.

Since both the web and cover are involved in wrinkling instability,
the plasticity-reduction factor suggested in reference 33 is

7= (m,)? (45)

The cover buckles as a wide column and therefore a value of T given by
equation (40) is appropriate. Using this value in conjunction with the
value of 1n, given by equation (36), equation (45) becomes

2
n = i{—:—:—g(Es/E)Bl/M) + (3Et/l+Esﬂl/2 (46)

In order to determine the wrinkling-instability ccefficient k
rom figure 9, it is necessary to determine the effective offset

N =
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distance f. This parameter is a complex function involving the rivet
pitch, diameter, and actual offset and is apparently best evaluated
according to special tests outlined in reference 34,

For the tests reported in reference 35, the rivet pitch-diameter
ratio was 3, the bend radius was htw, and the actual offset distance

was approximately ft, 1in all cases. It was found that the effective

offset distance for these tests was adequately approximated by using the
actual offset distance as shown in figure 10. The experimental and
theoretical k values are also shown in figure 10 and it can be observed
that reasonably good agreement exists.

Failure Strength

Integral and built-up webs.- In reference 30, Rosen presented datsa
on failing stresses in the compression cover of one- and two-cell
extruded box beams of the integral type as well as three-cell bullt-up
beams consisting of extruded channel webs. These data were successfully
correlated therein utilizing test data on V-groove plates under
compression.

In the interest of maintaining a uniform approach to the crippling
problem throughout this Handbook, the test data presented in reference 30
were also analyzed according to the methods presented in reference 1.

For a long flat plate with edges free to warp, the following crippling
formula applies

m
oofoey = B[ 22) o
where
B =1.k2
m = 0.85

The test data of reference 30 are shown in figure 11 according to
the parameters of equation (47) and in conjunction with the constants
derived from V-groove-plate test data. It can be observed that the test
data for one-, two-, and three-cell boxes are in excellent agreement
with equation (47). Apparently the use of one to three cells has an
insignificant effect on the failing stress. The only exceptions are the
two test points representing crushing failures of the webs. In this
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case, the edge stress at the attachment line is less than the compressive
yield strength and therefore a failure stress less than that given by
equation (47) occurs.

In order to avoid premature failure due to web crushing, web stif-
feners may be utilized. 1In cases where the webs are unstiffened, it
appears as a sultable approximation that, for o4 = o. according to

f
equation (47), € = €.y 1n equation (41). Therefore, equation (41)
becomes
. b.t
Oy = 20, 58 oy (48)
Dyt
where

€y = (9cy/E) + 0.002

To avoid premature failure due to web crushling, the buckling stress of
the web given by equation (39) must be greater than the applied web stress
of equation (48).

Although crushing of the webs tends to reduce the failing strength
below that given by equation (47), there are other factors which tend to
ralse the strength of the beam. In particular, if the webs provide rota-
tional restraints for the cover and raise the buckling coefficlent of the
cover significantly above a value of k = 4, then equation (47) may be
conservative.

For the integral and bullt-up beams used by Eggwertz (ref. 35), the
webs contributed significant rotational restraints for the covers. These
data are shown in figure 11 and are grouped according to number of cells
where k = 5.35 and 6.55. It can be observed that the data lie consist-
ently above those of reference 30 where a k value of approximately 4
existed. The slope of the lines correlating these data conforms to

= 0.85 for equation (47) although the B values are greater than 1.42.

In addition to these data, an additional test point which represents
a bending test on an extruded rectangular tube as given in reference 36
is shown in figure 11. A value of k = 5.5 was estimated for this tube
in reference 3. The average failing stress was calculated from the data
of this report by subtracting the bending moment carried by the webs in
accordance with the procedure given in reference 30.

A quantitative explanation of the somewhat higher p values for
the data of references 35 and 36 can be obtained from equation (17) of

VIRV S
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reference 37. The latter indicates that the B associated with k> L
may be estimated from that associated with k = 4 as follows:

B = 1.ho(k/4)0-425 (49)

The B values shown in figure 11 for the k groups of 5.35 and 6.35
were obtained by use of equation (49) and apparently correlate reasonably
well with the test data of references 35 and 36.

In addition to the increase in strength assoclated with a value of
k greater than 4, prevention of warping of the unloaded edges of the
compression cover tends to increase Ef over that for a plate free to

warp. This effect was discussed at some length in reference 37. Design
factors which tend to restrain warping are a continuous cover over a
large number of cells or the use of relatively heavy spar caps in built-up
webs. Should such conditions be encountered in design, the prediction

of Gp by equation (47) may be somewhat conservative, particularly for

of/bcy < 0.80.

Formed channel webs.- The failure of formed channel multiweb box
beams under bending generally occurs as a result of either the local
buckling- or wrinkling-instability mode. Semonian and Anderson (ref. 33)
have considered wrinkling failures in addition to wrinkling instability
and give the following formula for the cover stress at wrinkling failure:

5 s (ts )2 (50)
o, = =
f1o@ - v 2)0

where 1 1s given by equation (46) and the wrinkling-failure coefficient
is

el [ <11 o

R P(EPLEF) + 1)

s/%s

Test data of reference 34 on wrinkling failures of formed channel
multiweb beams are compared with this theory in figure 12. The actual
qffset distance used to correlate the wrinkling-instability data of
'figurg 10 was alserused here. It can be observed that excellent agree-
ment "exists between the theory and test data in this case where the
rivet pitch-diameter ratioc was 3.
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Needham (ref. 38) has also analyzed the test data of reference Al
by assuming that the strength of a multiweb box beam in bending depends
upon the crippling strength of the web-skin junction. The agreement
between the test data of reference 34 and Needham's method of analysis
was very good.

Pride (ref. 38) has indicated, however, that, although Needham's
method is in good agreement with the test data of reference 34 in which
certain riveting parameters were assigned special values, the method
may underestimate or overestimate the strength of multiweb box beams
with different riveting parameters. Pride cites the results of seven
different tests where the values predicted by Needham's method deviate
from experiment from -32 to 40 percent.

It is concluded that small variations in the offset distance as
well as varlations in rivet pitch produce significant changes in the
strength of formed channel multiweb beams. Because of this sensitivity
to the riveting parameters, it is necessary to investigate experimentally
the strength of any formed channel multiweb beam which deviates from the
riveting details of the beams tested in reference 34. This statement
applies to Needham's method and the theory of Semonian and Anderson &s
well as to the method of analysis presented in the following discussion.

In reference 1, test data on fallure of short stiffened panels due
to both local buckling and wrinkling instability were presented in terms
of common parameters. It appears desirable to attain the same objective
for formed channel multiweb beams in order to determine, for example, if
this type of beam when subjJect to local buckling attains the crippling
strength of a comparable integral type of construction.

For this purpose, the revised wrinkling-failure analysis of ref-
erence 1 can be presented in the following form:

b g 1/2|™®
- _ 5
Ufr/gcy = Br 1_)_(0—(:;> (52)

B8

where B, 1s a function of F and F = (f/tw)(bw/tw)l/e. In this form,
equation (52) depends upon the same parameters as does equation (47) for
the crippling strength of an integral multiweb beam with the exception
that B, 1s a function of a riveting parameter.

The test data of reference 34 were correlated according to the param-
eters of equation (52) in figure 13. All data for the tw/ts = 0.37, 0.h41,

and 0.63 series were used and grouped into F values of 10, 11, 12, 13,
-and 1¥. This grouping accounts for some of the scatter although some
small dependence upon tw/%s is evident in the plot of the data.
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It is interesting to note that the data consistently correlate with
a line whose slope 1s parallel to the integral multiweb line. Thus, the
data indicate that m = 0.85 1in equation (52) although the value of By

is not a constant and correlates reasonably well with the F parameter
within #10 percent limits for this series of tests. Furthermore, the

lines for the formed channel multiweb beams all lie below that for the
integral multiweb beam, even for those subject to local buckling. It

is evident, therefore, that all of the beams of this test series experience
a reduction in strength from that of the integral multiweb beam which is
associated with the low deflectional stiffness of formed channel webs.

The results shown in figure 13 can be summarized by using the values
of PBy presented in figure 14 in conjunction with the equation

i e [ 1/2 0.85
Ui’r/"cy = Br b_(a—) (53)

s\ cy

The reduction in B,. values for formed channel multiweb beams from

B = 1.42 for integral construction may possibly be associated with an
edge strain at the web-cover attachment line which is less than ecy at

failure. As a practical design measure, the reduction in strength asso-
ciated with formed channel webs may be avoided by use of built-up or
integral forms of web construction.

Minimum-Weight Design

The preceding portions of this section have been concerned with
analyses of buckling and failure of various forms of multiweb beams under
bending. At this point, it is pertinent to consider the problem of the
design of multiweb beams of minimum weight for specified loading and
geometric parameters.

There is a considerable amount of literature devoted to the subject,
much of which was reviewed in reference 17. Of necessity, the minimum-
weight analyses are concerned with idealized multiweb beams which are
representative of integral types of construction employing plate-type
covers and webs. The results of analyses pertaining to this type of
construction are presented below. The efficiencles of this type of con-
struction as campared with other forms of compression-cover and web con-
struction are presented in a later section.
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Optimum number of webs.- Gerard (ref. 39) has considered the optimum
design of a multiweb beam with a hinged web-cover attachment. For a wide
beam (practically, 3 or more cells) designed so that the web buckles in
bending simultaneously with the cover buckling in campression at the
design load, the following optimum proportions are obtained:

(h/og), = 1.12 (54)

The optimum number of webs is the integer nearest to
ng = 1.12(w/n) (55)

In reference 39 an estimate is also given of the weight penalty asso-
ciated with the use of a number of webs less than the optimum.

Integral-web designs.- Schuette and McCulloch (ref. 29) have pre-
sented minimum-weight design charts for wide integral multiweb beams of
aluminum and megnesium alloys. More recently, Rosen (ref. 30) has pre-
sented charts which include refinements in the strength analysis both
for the covers and the webs. In addition, the charts indicate the effects
of skin-thickness requirements upon the structural efficiency.

Minimum-weight design charts of reference 30 are shown in figure 15
in terms of specified skin thickness and in terms of cell size. It can
be observed in figure 15(b) that the cell proportions for minimum solidity
are in good agreement with equation (54).

Corrugated-web designs.- Some increase in the efficlency of multiweb
beams can be achleved by the use of corrugated webs in place of the plate
type of web associated with figure 15. Fraser (ref. 40) has conducted a
limited experimental program on corrugated multiweb beams utilizing one
specific form of corrugation configuration with various web-cover
attachments.

The results of a minimum-weight analysis based on the experimental
results of reference 40 are shown in figure 16. It can be observed that,
up to a loading index of approximately 3 ksi (for 7075-T6 aluminum-alloy
covers), the corrugated web represents an improvement in efficiency as
compared with the plate-type web.

Sandwich multiweb beams.- Increases in the efficlency of multiweb
beams may also be achleved by the use of various types of orthotropic-
plate compression covers. Of particular interest, curreﬁxly, is the
use of honeycomb-core sandwich plates for the covers of multiweb, beams.
Although there is relatively little test data on sandwich multiweb beams
avallable, Anderson (ref. 43) has presented some interesting minimum-
welght results for this case.
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' The optimum sandwich-plate configuration is based on the analysis
of Semonian and Johnson (ref. 24) which was conducted for a 9.7-1b/cu ft
steel honeycomb core bonded to 17-TPH stainless-steel faces. The optimum
distribution of supporting structure between the honeycomb core and the
corrugated webs was then investigated. The results are presented in fig-
ure 17 in terms of specified facing thicknesses. A comparison of the
efficiency of this form of construction with that of the other forms con-
sidered in this section is presented in the section "Comparative Effi-
ciencies of Thin-Wing Construction."

STABILITY OF MULTIPOST BEAMS IN BENDING

The rather large number of webs required for the efficient design
of multiweb beams has posed difficult production problems on account of
the inaccessibility of the interior webs. As a partial solution to this
problem, truss-type construction has been proposed in which the compres-
sion cover is stabilized by a series of posts acting in conjunction with
the tension cover.

The early stability theories for multipost construction were con-
cerned with the use of a series of posts to support plate-type covers.
The results of these theories indicated the necessity of using stiffeners
at the line of attachment of the posts to the cover in order to enforce
longitudinal nodes in the compression covers of thin wings. Consequently,
more recent theories and tests have been devoted to multipost-stiffened
beams.

In this section, the availasble theories for multipost and multipost-
stiffened beams are reviewed. Typical results are presented for deter-
mining buckling stresses of these types of construction. The few avail-
able tests reported in the literature are examined in terms of the theory.
It is to be noted that an excellent review of the early development of
multipost-stiffened construction has been presented by Badger (ref. 42).

Stability of Spring-Supported Systems

In wing and tail structures, the supporting structure often connects
the tension and compression surfaces in a manner analogous to the simpli-
fied structural models shown in figure 18. In figure 18(a) the flexural
spring (tension member) is effectively rigid and it can be observed that
the compression member deflects in its entire length since the deflectionsl
spring is weak. For the strong deflectional spring shown in figure 18(b),
a node is enforced at the center which raises the buckling stress of the
column above that of the configuration depicted in figure 18(a).
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However, if the flexural spring is weak, then a third instability
mode is possible in which buckling of the compression and tension bars
occurs as a unit as shown in figure 18(c). If the deflectional spring
is strong, both bars deflect identically; if weak, the deflection of
the compression bar is greater than that of the tension bar.

It is important to note that no increase 1n buckling stress can
be obtained by increasing the spring stiffness beyond the minimum value
required to enforce nodes at the spring locations. Thus, from the stand-
point of design, considerable interest centers upon the stiffness
requirements for the deflectional and flexural springs to act as effec-
tively rigid members.

Seide and Eppler (ref. 43) have considered the buckling of parallel,
equally loaded, tension and compression bars connected by one, two,
three, and an infinite number of elastic deflectional springs. The anal-
ysis indicated that the buckling behavior for more than three springs
essentlally corresponds to that for an infinite number of springs.
Although the analysis of reference 45 pertains to narrow columns, the
results can be applied to wide columns by the proper definition of
bending rigidities.

For an infinite number of springs connecting a compression cover
of rigidity D, and a tension cover of rigidity Dy, the end-fixity

coefficient is glven in figure 19. It can be observed that, for the
system to be considered effectively rigid, an increase in deflectional-
spring stiffness is required to compensate for a decrease in the tension-
surface bending rigidity.

The minimum stiffness required of the deflecticnal spring for the
system to be considered effectively rigid was obtalned in reference 17.
The following relation was derived:

KLi/ch - 217s(1 + cosh ns)/sinh s (56)
where

s = (o /Dt)l/2

For large values of s, equation (56) reduces to

KL5/ch = 2n0s “(57)

o=
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Values of the effectively rigid deflectional-spring stiffness
parameter are given as a function of the relative bending rigidities in
figure 20.

The line representing equation (56) separates the two regions of
possible buckling: The effectively rigid spring and deflected-spring
regions. It can be observed that equation (57) 1s an adequate approxi-
mation of equation (56) in the range appropriate to wing and tail designs.
Specifically, equation (57) 1is entirely adequate for values of Dc/Dt

greater than 2.

Stability of Multipost Beams

The varlous buckling modes possible with a compression-bar,
deflectional-spring, tension-bar system are directly applicable to multi-
post beams in bending. Specifically, the following modes of instability
can occur in multipost construction:

() Buckling over several rows of posts due to insufficient rigidity
of the posts in a manner analogous to that of figure 18(a)

(b) Transverse nodes, in which chordwise arrays of posts act as
effectively rigid members and subdivide the compression cover into a
series of short wide columns in a manner analogous to that of flgure 18(b)

(c) Displaced posts, in which the entire box becomes unstable as a
unit although the posts may be effectively rigid (analogous to figw
ure 18(c))

(d) Longitudinal nodes, in which spanwise arrays of posts act as
effectively rigid spars subdividing the compression cover into a series
of long narrow plates in the same manner as in a multiweb beam

The stability analysis of multipost beams has been considered in
detail by Seide and Barrett (ref. 44). An idealized box beam utilizing
post construction and subjected to bending moments, in which the covers
are taken as long, simply supported, flat rectangular plates, was ana-
lyzed. The covers may be of different flexural rigidities denoted by
Dy for the tension cover and D, for the compression cover. The sup-

porting structure consists of a rectangular array of identical elastic
posts which are connected to the covers by pin connections, thereby
offering no resistance to rotation of the covers. The transverse and
longitudinal post spacings are uniform although generally different.

One of the most significant results of the analféis {s presented
in figure 21. The regions of the various buckling modes are shown as
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functions of the relative bending rigidities of the covers, the ratio of

spanwise post spacing to cover width, and the number of chordwise posts n.

It can be observed that for a Dt/Dc ratio less than 1, which is the

range of interest for wing and tail designs, buckling with longitudinal
nodes 1s impossible. This form of buckling becomes possible only when
spanwise stiffeners are used in conjunction with spanwise,arrays of posts.
Thus, the introduction of multipost-stiffener construction essentially
results in another form of multicell construction in which the cover
behaves as a long plate. Discussion of this form of construction is pre-
sented subsequently.

For the range of relative bending rigidities of interest in air-
craft design, buckling with transverse nodes or displaced posts are the
two possible buckling modes for covers stiffened only by posts. Thus,
from the standpoint of design, the minimum axial stiffness of the post
system required to enforce transverse nodes is of interest. Such infor-
mation is contained in reference Uli, where the post-stiffness requirements
are given as functions of the wide-column aspect ratio It/w and bending-

rigidity ratio for one, two, or three spanwise rows of posts.

In addition, figure 20 may also be used to evaluate the required
post axial stiffness to enforce transverse nodes for Lt/w values less

than 0.20. The spring constant of a chordwise row of n elastic posts
is

K = nApEp/hp (58)

In order to provide some check of the theory of reference 44, Barrett
and Seide (ref. 45) have reported the results of a test on a multipost
beam in bending containing three spanwise rows of posts between two end
shear webs. The axial stiffness of the posts was approximately 5 percent
greater than the minimum value required by theory to enforce transverse
nodes.

It is significant that the cover buckled with transverse nodes at
a stress within 2 percent of that predicted by theory. The structure
failed 8 percent beyond the bending moment associated with buckling.
The results of the test, however, indlcate that significant prebuckling
deformations occur in the form of downward dishing of the covers during
bending, Such undesirable anticlastic curvature of the beam requires
 the use of supplemental supporting structures such as ribs or webs.

o+ xE
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Stability of Multipost-Stiffened Beams

The inability of an array of posts to enforce longitudinal nodes
in the compression cover of a wing and thus serve as a form of construc-
tion alternate to a plate-type web has directed attention toward
multipost-stiffened construction. Badger (ref. 42) has indicated that
the introduction of a longitudinal stiffener at the post-cover attach-
ment line effectively shifts the boundaries delineating the various
buckling modes. As shown in figure 22, the use of stiffeners shifts the
longitudinal-node boundary into the Dt/Dc range encountered in air-

frame design.

The theory for multipost-stiffened construction has been developed
by Seide (ref. 46). A series of design charts based on this theory is
presented in reference 47 for a rather large number of variables. The
design charts indicate the value of the stiffener-rigidity parameter
7. 8nd post-stiffness parameter T required to obtain values of k = 3,

3.5, and 4.0 for long simply supported plates supported by a multipost-
stiffener support at the center. These parameters are defined as follows
in reference L47:

7o = BI/bgD, (59)
T = Koy /x'D Ly (60)
2
kK = ocrtcbs (61)
22D

C

Other variables included in these design charts are ratios of post spacing
to plate width Lt/bs = 0, 1/2, 1l, and 2 and cover-stiffness ratios

Dy /De = 1/8, 1, and w.

In figure 23, results were taken from reference 47 for Lt/bs =1

and 2 for & k value of 4 which indicate that the post-stiffener com-
bination enforces a node in the cover. The results for Dt/Dc =1/8

and 1 which cover the range of interest in airframe design closely coin-
cide 1n figure 23. Thus 1t appears reasonable to use these results for
intermediate values of Dt/Dc.
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‘Effectively rigid system.- The minimum conditions under which an
effectively rigid system is obtained are of interest for multipost-
stiffened construction as well as for multipost construction. Figure 23
presents this information in terms of the required values of T for a
range of 7. Vvelues. It is important to note that, at the right side

of figure 23, minimum values of 7. are reached. Since the minimum

stiffener size is required in this region, it is of particular interest
to know the minimum value of T associated with each minimum value
of Yoo

Although this information is displayed in figure 23, it is convenient
to have available an approximate method of analysis for establishing the
minimum post conditions for the effectively rigid system of smallest stif-
fener rigidity. This is particularly true since figure 23 shows a large
number of parameters and interpolation procedures are not readily evident.

The minimum rigidity required for a central longitudinal stiffener
to enforce longitudinal nodes in simply supported plates of various lengths
was obtained in reference 17. The values of 7. needed to obtain k = L

in equation (61) are presented in the following table where
t = te + (nAgfw).

L /og t/, = 1.0 th, = 1.2 th, = 1.4
7e 7o 7e
1 L.y 5.2 6.0
2 k.4 17.6 20.8
3 27.4 34.6 41.8

In a multipost-stiffened beam, the posts are used to enforce nodes
in the stiffener at the post locations and thereby reduce the effective
Thus, the post-stiffener combination tends to act in

stiffener length.

a manner anslogous to that shown in figure 18.
of reference 17, the post-stiffener requirements may be determined.

By employing the procedure

By neglecting the compression and tension skins, the minimum post
axial stiffness to enforce nodes in the stiffener can be obtained

directly from figure 20 by multiplying D by Yoo

equations (57) and (60),

T = (2/1)y, (bs/LtV

Thus, by use of

(62)

N
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where the e values associated with a particular I_.t/bs may be deter-
mined from the foregoing table. g

The results of this approximate analysis are shown in figure 23 for
comparison with the theory of reference 47. It can be observed that the
approximate results are conservative and in relatively good agreement
with the more exact analysis. For design purposes, the minimum Yo and

T values are summarized in figure 2k.

Beam tests.- A limited number of tests on multipost-stiffened beams
under bending have been reported in the literature (refs. 36 and 42).
These tests were designed to obtain information on the behavior of this
form of construction rather than to provide a basic check of the theory.

Badger (ref. 42) has summarized the results of three bending tests
on large-scale multipost-stiffened beams which closely simulated actual
wing design. The results indicated that the behavior was similar to
multiweb construction in that the theoretical buckling stresses were
experimentally confirmed for extruded stiffeners whereas premature fail-
ure was experienced when formed stiffeners were used in the tests. 1In
addition to the bending tests, results on a multipost-stiffened beam
under torsion were alsoc reported.

Johnson (ref. 36) has conducted a series of tests on various types
of multipost-stiffened beams under bending. The beams consisted of
2014-T6 rectangular cross-section tubing stiffened along the center line
by various T075-T6 aluminum-alloy post-stiffener combinations of approxi-
mately the same weight so as to form square cells. Also tested for ref-
erence purposes was & built-up TOT5-T6 aluminum-alloy web such as that
used in multiweb construction.

The multipost-stiffener structures utilized extruded Z-stiffeners
supported by angle sections at spacings of Lt/bs = 1/2, l, and 2. 1In

a fourth multipost-stiffener beam, the posts were inclined to form a
Warren truss which is capable of carrying shear loads. In terms of the
parameters of figure 23, Dt/Dc = 1, the stiffeners had values of

Yo = 1,600 and E/Qc = 1.5, and for the posts T = 1.87, 3.4k, and k.52
for It/bs =2, 1, and 1/2, respectively. For the Warren truss arrange-
ment, T = 1.41 for 1.,;/bS = 15/8.

The results of these tests are summarized in figure 25 where the
bending moments for buckling and failure of the multipost-stiffened
beams are compared with those for a multiweb beam. It can be observed
that the buckling moment increases as the post spacing decreages and
that the values are below that for the multiweb beam. In all cases,
the predicted M,, was approximately equal to that of the multiweb. In
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reference 36, the low value of the experimental M., as compared with

the theoretical was attributed to initial waviness of the rectangular
tube.

The corresponding My values are closer to that for the multiweb
beam. At Ly/bg = 1/2, the multipost-stiffened beam achieved & falling

strength comparable with that of the multiweb beam. It is interesting
to note that the test points for the Warren truss arrangement are some-
what higher than those for a multipost-stiffened beam of comparable
Lt/bS' It 1s apparent from this series of tests that strength levels

comparable with those of integral multiweb beams can be achieved by -
multipost-stiffener arrangements of relatively high deflectional
stiffness.

Minimum-Weight Designs

Gerard (ref. 17) has considered the minimum-weight design of multi-

post beams and has concluded that the optimum post welght should approach

1/3 of the cover weight. Information on the optimum post spacing is
presented. Certain minimum-weight aspects of multipost-stiffener con-
struction are also considered in reference 17.

COMPARATIVE EFFICIENCIES OF THIN-WING CONSTRUCTION

In the preceding portions of this report, various forms of thin-
wing construction have been discussed. The design aspects as distinct
from the strength analysis are contained in the minimum-weight design
sections for each of the forms of construction considered herein. A
further design consideration of importance is concerned with the com-
parative efficiencies of the various forms of construction. This final
section is devoted, therefore, to a summary of comparative efficiency
studies of compression covers, web systems, and multicellular thin-wing
box beams.

In order to compare the weight efficiencles of various competing
forms of construction, it is necessary to introduce various idealiza-
tions into the analysis to reduce the wide range of variables to a
common set of parameters. The results obtained from such analyses can
thus serve as a guide to the designer in selecting the minimum-weight
structural configuration based on certain presecribed loading and geo-
metric parameters as shown in reference 17.

In passing, it is worth noting that such analyses can also be used
to determine the weight efficiency of various materials, particularly

IVEVIR i 3
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at elevated temperatures. Analyses of this type are presented in some
detail in reference 48.

Compression Covers

A common form of multicell construction utilizes a relatively
thick tapered plate supported by a series of longitudinal webs. The
efficliency of a multicellular arrangement in thin wings has encouraged
investigations concerned with the rearrangement and reduction of struc-
tural material within the cover plate with the objective of obtaining
decreased solidity and, therefore, increased welght efficiency. As a
consequence, the following forms of orthotropic-plate construction have
been studied: Longitudinally stiffened plates, transversely stiffened
plates, and waffle-grid plates as well as corrugated-core and honeycomb
types of sandwich plates.

Because of the relatively large variety of plate types of con-
struction, the minimum-weight or optimum configurations of each type
of orthotropic-plate comstruction were investigated in reference 2.
The comparative efficiencies of the various types of plates under com-
pressive loading were then examined with the results shown in figure 26.
The conclusions presented in reference 2 and shown in figure 26 are as
follows: '

(a) Longitudinally and transversely stiffened plates are comparable
in efficiency to unstiffened plates in compression and consequently do
not represent any significant improvement over unstiffened plates.

(b) Sandwich plates with unidirectionally weak corrugated cores
oriented longitudinally are comparable in efficiency to waffle-grid
construction. Both types represent a significant increase in efficiency
over the unstiffened plate.

(c) Sandwich plates with honeycomb or strong corrugated cores
represent really significant increases in efficilencles as compared with
unstiffened plates. For elastic buckling, however, the honeycomb-core
sandwich appears to be more efficient than a sandwich plate utilizing
a corrugated type of core which is strong in shear.

The foregoing conclusions are based on the behavior of the various
forms of stiffened plates in the region where stability rather than
strength governsé™ It is apparent from figure 26 that the honeycomb
sandwich plate is of superior efficiency by virtue of reaching the
450 strength-1imit lines.at the lowest value of the structural loading
parameter N Ew. However, once strength limitations govern, the present
type of analysis 1s no léﬁger valld and it is necessary to conduct anal-
yses such as those given in references 2 and 24.
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Web Systems

Web systems employed in multiweb wings perform a dual function.
Under pure bending, the webs in conjunction with the tension cover act
as the supporting structure for the compression cover. In addition,
the webs carry the shear loads acting on any wing structure.

The supporting structural requirements for the web system under
pure bending have been discussed in the sections devoted to multiweb
and multipost beams. Certain of the minimum-weight aspects of the
supporting structure have also been considered in reference 17.

Although the supporting function of the web system places a lower
limit on the geometry of the web structure, it is often found in wing
design that the shear-load requirements dictate the detalls of the web
system. Consequently, this section is devoted to & summary of the
minimum-weight aspects of shear webs. This summary is based on rather
scattered data and should be used only as a rather general guide in
design.

Tension-field webs.- Kuhn (ref. 49) has presented the results of a
series of calculations leading to minimum-weight designs of 2024-T3 and
7075 -T6 aluminum-alloy tension-field webs. Because of an apparent simi-
larity between the shear strength of stiffened webs and the crippling

strength of stiffened panels, Kuhn's minimum-weight results were correlated

in terms of parameters similar to those used in the crippling analysis of
reference 1.

The results of this correlation are shown in figure 27 where the

shear constants Ty and G have been used in place of Oey and E.

It can be observed that the minimum-weight designs for the two aluminum
alloys essentially form a single curve in terms of the parameters of
figure 27. This suggests that figure 27 may be useful in establishing
minimum-weight designs for values of Ty other than those used by Kuhn

in establishing the basic results.

Shear-resistant webs.- Symonds (ref. 50) has considered the minimum-
welght design of shear-resistant web systems of 2024-T3 aluminum alloy.
The results of his calculations are presented in figure 28 together with
those for tension-field webs as well as several other types. Symonds
found that the efficiency increased as the stiffener spacing decreased.
For a stiffener spacing of bg = 0.2by,, the efficiency of the shear-

resistant web is greater than that of the tension-field web beyond a
loading index of 100 psi (for 2024-T3).
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Shanley (ref. 51) has presented a considerable amount of test data
on the strength of 2024-T3 aluminum-alloy webs containing beaded light-
ening holes. An envelope of the upper limits of the test data taken
from reference 51 is shown in figure 28.

Also shown are some test data on the shear strength of 2024k-T3
aluminum-alloy flat corrugated webs as taken from reference 53. Basi-
cally, the corrugated web represents a shear-resistant web of very close
stiffener spacing with a consequent high efficiency.

Unstiffened webs.- For reference purposes, the buckling strength
of a long unstiffened web in shear is also shown in figure 28. These
results were calculated from

2 1/3
o = || ) (a o) (63)

12(2 - v2)

Also shown are the results of some calculations for a long honeycomb-
sandwich web in shear with a.face-core density of 50. The analysis is
similar to that presented in reference 2 for compressed sandwich plates
with a facing stress equal to the shear yleld strength. It can be
observed that sandwich construction is highly efficient for web systems,
particularly at low values of the loading index. This result coincides
with that obtained for compressed orthotropic plates.

Generalizatlons for web systems.- For the various minimum-weight
shear web systems considered above, buckling has been assumed to occur
in only one mode. Consequently, the optimum shear stress in terms of
the loading index for shear-resistant web systems is

7o = ag (1) /3 (a2 (64)
where
1/3
ag = KEkB t/t

12(1 - v2)

l-v 2
n:(—e__GSG
1l - v2
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All of the data shown In figure 28 with the exclusion of tension-
fleld webs correlate with lines of slope equal to 2/3 in the elastic
region in accordance with equation (64). The values of ag 1in the
elastic range can be determined directly from figure 28 and are presented
in the following table.

Type of system &g Remarks
Unstiffened 1.7 Theory
Shear resistant 3.7 bs/bw = 0.2
Lightening holes 4.0 Test data
Flat corrugation 12 Test data
Honeycomb sandwich 17 ¢/5'= 50

These results permit possible extension of the data presented in
figure 28 for 2024-T3 aluminum alloy to other materials. In conjunction
with the data of figure 27 for minimum-weight tension-field web systems,
& generalized approach to the minimum-weight design of web systems may
be possible. However, since these results are based on data from scat-
tered sources, any generalized approach must be viewed with some caution.
A completely analytical approach to a minimum-weight shear web such as
presented in reference 2 for orthotropic plates in compression would
appear tc be highly desirable.

Multicellular Beams

The various types of compression covers in conjunction with the
varlous web-system supporting structures form a large variety of multi-
cellular beams for use in thin-wing construction. The comparative effi-
ciencies of only a few of the possible beam configurations have been
investigated. It is important to note, however, that the methods of

analysis are sufficiently general so as to be applicable to a wide variety

of combinations of cover and web configurations in multicellular beams.

An early attempt to establish the conditions where integral plate-
type multiweb construction may be efficiently employed was presented in
reference 17. This analysis indicated that efficient application of
plate-type multiweb construction as compared with stiffened-panel con-
struction, for example, required an optimum stress level in the compres -
sion cover in the region of the compressive yield strength. It was also
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concluded that a multipost beam of optimum design may be somewhat more
efficient than a multiweb beam in the loading-index range corresponding
to the elastic range. )

In order to extend the loading-index range in which multiweb con-
struction may be efficiently employed, the use of sandwich plate covers
has been considered. Anderson (ref. 41) has evaluated the comparative
efficiencies of integral multiweb beams with plate-type and corrugated
webs, and honeycomb-sandwich—corrugated-web beams. The results of this
analysis are shown in figure 29. It 1s important to note that although
the sandwich beam is of stalnless steel, it has greater efficiency 1in
the loading-index range below 2 ksi than do the gluminum-alloy-plate
types of construction.

Research Division, College of Engineering,
New York University, o
New York, N. Y., December 23, 1957.
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APPENDIX A

APPLICATION SECTION

In this application section, the results contained in this part of
the Handbook are summarized for convenient use in the design and analysis
of thin-wing forms of construction.

Orthotropic Flat Plates

General charts for the compressive and shear buckling of orthotropic
flat plates with various boundary conditions are presented in figures 3
and 4. For plates in which shear deformability may be of importance,
such as sandwich plates, buckling charts for compression and shear are
presented in figure 6.

The use of figures 3, 4, and 6 requires a knowledge of the elastic
constants of the plate. Available theoretical and experlmental procedures
for evaluating the pertinent constants are reviewed in the section
"Stability of Orthotropic Flat Plates.”

Multiweb Beams

Buckling stresses.- The local buckling strength of multiweb beams
may be determined from

2
. - _ﬁﬂE___(Ei) (33)
cr 2 b
12(1 - Ve )

For integral beams, k may be determined from figure 8. For built-up
webs, significant rotational restraint may occur at the cover-web attach-
ment. In such cases, k may be evaluated according to methods presented
in references 29 and 32.

Beams employing formed channel webs may be sublect to wrinkling insta-
bility associated with the low deflectional stiffness of the webs in
addition to local buckling. 1In such cases, equation (33) may be used

in conjunction with k wvalues from figure 9. The plasticity-reduction
factors for use in equation (33) are given by equations (35), (36), (38),
and (46) in the section "Buckling and Failure of Multiweb Beams in
Bending."
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In addition to local buckling shd wrinkling, the webs may be subject
to crushing instability. As a practical messure, web crushing generally
does not occur in stiffened webs. In cases where crushing may be of
importance, equations (43) and (48) may be utilized.

Failure strength.- The crippling strength of the compression cover
of multiweb beams in bending subject to local or wrinkling instability
may be determined from

1/310-8
S ooy = B%(f—y) /é} (53)
L‘S C

The crippling coefficient J depends upon the rotational and deflec-
tional stiffness of the webs in each form of construction as follows:

Multiweb type B
Integral 1.hk2
Built-up k B

4 1.42

5.35 1.60

6.35 1.75

. a

Formed channel F ] Br
10 1.32

11 1.19

12 1.07

13 .99

14 87

For p/d =3, r,ft, =k

Multipost Beams

From a design standpoint, the post axial stiffness required for the
posts to act as effectively rigid members is of considersble interest.
This information is contained in reference 44 and may be determined
approximately from figure 20.
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For multipost-stiffener beams, the requirements for an effectively
rigid supporting system which enforces longitudinal nodes in the cover
~ are presented in figure 23. Approximate (conservative) requirements for
" the posts and stiffener are also presented in figure 2k.

NN =
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(b) Longitudinally stiffened plate in shear.
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(c) Transversely stiffened plate in shear.

Figure 2.- Ceqmparison of orthotropic buckling stresses for stiffened
plates with stresses found from multiple-stiffener theory.

ccT-M



W-122

o7

/16
%
14
a
- — 1
X
o1\
8 ALL EDGES CLAMPED
\ o,
}A/ v TR
UNLOADED EDGES CLAMPED, LOADED
6 \ EDGES ;S‘/MPLY SUPPORTED
LOADED EDGES CLAMPED, UNLOADED
EDGES SIMPLY SUPPORTED
4 4 .. S e e
- \ALL EDGES SIMPLY SUPPORTED
2 % IR EEEN

/ b4 3 4 5

(0/b), = (a/b)(0,/0,)"*

Figure 5.- Cgmpressive buckling coefficients for flat rectangular
' orthotropic plates.



58

2
-1/2 -1
. [p,o,+z(s¢},,]{a,o,)/)/:g{
o
_/ .4 -
kg —_'_——___——_—i:::::::::::::::::::::::‘2'
4 "
F ) 1
% 2 4 6 .8 1.0
(6/0)(0,/0,)"* = i/(asb),
(a) All edges simply supported.
16

/
/}4 o,+2(64),,[ (0, Dy)"/2=.2.0/

2 7712
/ /
8

. =11 -
: :::::::”””*’——””",,f”’
4/_ﬁ_/
—
% —Z 4 6 ] 70

(6/0)(0,/0,)""* = 1/(a/b),

(b) Short edges clamped, long edges simply supported.

Figure 4.+ Shear-buckling coefficients for orthotropic plates (data
taken from refs. 4 and 19).

ccT=M



59

r
a; — r——
— B b
N e
9 a
=
ﬁg —
[o]
G-
O TEST MAX., NO FAILURE
® INDICATED PROBABLE STRENGTH
2
0 I | | | I ] | DY §
0 2 4 6 & 1.0
RC
* Figure 5.- Interaction data for stiffened wide column ﬁqgef‘cembined S

compression and shear taken from reference 11.



60

4
3
Z N
k
/ -
: M
00 5 1.0 1.5 2.0

v

- (a) Long simply supported sandwich plates in longitudinal compression.

4
For r<1, k=——121, k=%,

(1 +1r)

AN

o 05 ' 70

(b) Iong simply supported sandwich plates in shear.

Figure 6.- Instdbility coefficients for long sandwich plates
' (refs. 12 and 14).
c

ceT~M



W-122

MULTIWEB WING SECTION

jo-——————— ]

61

-

——P—,‘\

INTEGRAL WEBS

I

el L — o ~o.

FORMED CHANNEL WEBS

&

Figure 7.~ Forms of mu_lltiweb construction.



62

W-122

‘(62 r3ox) Burpusq

_JISpUN SWedq XOq QOMITNE ‘Tea893UT ‘POZITBOPT ‘ODTM JOJ SHUSTOTIFP00 AJTTTARYSUI -'Q 9M3Td

°q

y

q




63

“(¢C ~Foa)
SuTpueq JISpUN SWBIQ XOq JOMTITNN JO SUTTYONq Teo0T pus AJTTIqBISUT SUTTIUTIN -6 oanSTg
t/%q
“ /%
g 4 Z / o
=== O
N -
- —— -
—— /
o, (2ol ﬂﬁllﬁ// /
/v g
// ONITHINIEM | €
. v £
§3IM T0E9TLNI \
— G3M GIONIH 4
ONITIONG TvI07

T T e A



64

O LocAL BUCKLING

w ® WRINKLING
5 —
) 0 -
4 S LOCAL BUCKLING
HINGED
I \\<f~—hVTEGRmL
K
2r 7
b, 30 120 ~@_
't wrINkKLING
0 1 } | 1 {
0 / 2 3 4 5
'bw//ﬂv
b,/ t,

Figure>lo.- Comparison of test data and theory for buckling of formed
channel multiweb box beams under bending (ref. 33).
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Figure 12.- Comparison of test data and theory for wrinkling failure
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(a) Weak deflectional spring; strong flexural spring.
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(v) Strong deflectional and flexural spring (effectively rigid).
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(c) Weak flexural spring.

Figure 18.- General buckling modes of a column supported by deflectional
and flexural springs.
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Figure 25.- Experimental data on buckling and failure of multipost-
stiffened beams in bending compared with those of a multiweb beam

(data of ref. 36).
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